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ABSTRACT: Thermodynamic derivatives of water and steam are required in the modelling of
non-stationary processes of heat cycles and turbines. Using the new Industrial Formulation
[APWS-IF97, all differential quotients of first and second degree can be calculated with high
accuracy. This is because the fundamental equations of the IAPWS-IF97 were fitted to the
derivatives of the Scientific Formulation IAPWS-95.

ox

equations will be summarized. In each, the variables x, y, z can represent any of the
thermodynamic properties: pressure p, temperature 7, specific volume v, specific internal energy u,
specific enthalpy 4, specific entropy s, specific free enthalpy g, or specific free energy 7. Tables
using the dimensionless Gibbs free enthalpy equations y(7,7) of regions 1,2 and 5 and the
dimensioniess Helmholtz free energy equation &(7,8) of region 3 of IAPWS-IF97 (where 7 is
dimensionless pressure, zis dimensionless inverse temperature and &is dimensionless density) will
also be presented. These tables will prove useful as supplements to the Release of the [APWS-
IF97 Formulation.

In addition, the paper contains analogous tables using the Helmholtz free energy equation ¢(,é) of
the Scientific Formulation IAPWS-95.

In this paper, the formulas for setting up all differential quotients (ﬁ) from the [APWS-IF97
y

INTRODUCTION

The new Industrial Formulation IAPWS-IF97 for the thermodynamic properties of water and
steam [1,2,3,4] in the following abbreviated as IF97 is being used in thermodynamic process
modelling. Fig. 1 shows the range of validity of the IF97 and its subdivision into five
calculation regions. The IF97 contains saturation pressure and temperature equations p(7)
and Ty(p) and individual equations for the Gibbs free enthalpy g(p,T) for regions 1, 2 and S,
for the Helmholtz free energy AT,v), originally formulated as f{7,p), for region 3 and for the
backward functions T(p,#) and T{(p,s) for regions 1 and 2.

Using the fundamental equations g(p,7) and their first and second derivatives
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v, 4, h, 5, Cp, Cy, K W, €1C. and any differential quotient (E‘-)y , where x, y, z represent

p, T, v, u, h,s, g, or f, can be calculated from given values of p and T for regions 1, 2 and S.
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For region 3, all thermodynamic properties and differential quotients can be formed using the

fundamental equation f{7,v) and their derivatives (i) ,(g) ,[iaz—f} ,[az—f] ,[ﬁ]
or/, \ov/, \o1? , 2 , \oTov

as function of Tand v.
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Figure 1: Range of validity, calculation regions and equations of the IAPWS-IF97

The accuracy of the calculated properties and differential quotients is very high because the
IF97 fundamental equations were fitted not only to the Helmholtz equation f{T,v) of the
Scientific Formulation IAPWS-95 [5,6] but also to its derivatives

[z) [z) 2r [a_fJ as
or/, "\aov/ . a2 P T’ 8Tev |~

The ability of the 1F97 fundamental equations to be accurate enough for calculating all
thermodynamic properties and derivatives is one of the main advantages of the new Industrial
Formulation. In comparison, the previous industrial standard IFC-67 [7,8,9] did not allow the
user to calculate all properties and differential quotients in the entire range of validity. For
example, the accuracy of the properties cp, x and w of steam at pressures greater than 12 MPa
was less than the industrial requirements for these properties.

For the differential equations of non-stationary process modelling of heat cycles, turbines,
nuclear reactors etc. a lot of different thermodynamic differential quotients have to be
calculated. Therefore in this paper, the formulas for setting up differential quotients

(gz;) (p,T) for all IF97 regions and
y

(%—)y(T,v) for IF97 region 3,

where x, y, z can represent any of the thermodynamic properties: p, 7, v, u, A, s, g, or f are
summarized. The formulas are based on the dimensionless Gibbs free enthalpy equations




y(m,7) of regions 1, 2 and 5 and the dimensionless Helmholtz free energy equation &5, 7) of
region 3 of [F97 (where =z is dimensionless pressure, 7 is dimensionless inverse temperature
and J'is dimensionless density). In addition, analogous formulas for setting up any differential
quotients for the Scientific Formulation IAPWS-IF95 based on its dimensionless Helmholtz
equation ¢(,7) are presented.

DIFFERENTIAL QUOTIENTS [S—ZJ (p.T) OF THE IAPWS-1F97
X
Y
As Fischer [10] has shown, any differential quotient (%) can be derived as function of
y

pressure p and temperature 7 as follows:
The total differentials of the involved quantities z, x, and y as function of p and T are set up:

azJ (02]
dz=|—| dp+|—| dT 1
(ap . P or P (D

Ox Ox

= = —| dT

w=(Z) oe(F) @
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The total differential of dy, Eq. (3) is equal to zero because y is constant in the differential
quotient. Using Egs. (1) and (2) the required differential quotient can be written under
consideration of y = const:

82] Oz
— dpy +(—j dTy
dz, ~ [ T orT p

(6:} _ ¥ ap (4)
/), dx, (ox ox
(2] w(F)
P/ T P

Now Eq. (3) is transposed into

)

orT »

dPy =_[6y] dTy , S
op r

where the index y of dp, and d7}, comes from dy = 0.
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The insertion into Eq. (4) leads to:
(EJ B op )y 6Tp 6Tp opr)r
Ox

y

op)r \oT » orT » op)s
Eq. (6) is the common expression for determining the differential quotient (a_) as function
y

oz
x

of p and T. In each, the variables x, y, z can stand for any of the thermodynamic properties: p,
T,v,u, h,s, g or f Table 1 contains the derivatives used in Eq. (6) for these properties from
p and 7. As can be seen, besides the given parameters p and T the five quantities v, s, ¢,

v ov .
(E)Tand (ar)p are required.

Table 1: Derivatives of x, y, z from p and T, where x, y, z can stand for p, T, v, u, h, 5, g, or [
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The reason is that these quantities are the first and second derivatives of the free enthalpy g

5 2 2 2
frompand T: v=[—g-] ,s=-[a—gj ,[-a—v] =[Q§J ) Cp=- T[i%} ,(ﬁJ _| e .
‘ o/, ot/ \ep/ . o), or?) "\or/, | dpdT

That means, with v, s, ¢,,, 2| and (-a—"] any differential quotient (Q) can be calculated
P> \op T or p ox y

using Eq. (6) and Table 1.




In the following the expressions for calculating these five quantities using the dimensionless
fundamental equations of the IF97 are summarized:

IF97 Region 1

The equations for the five quantities can be determined from the dimensionless Gibbs free
enthalpy equation ¥ 7, 7) of IF97 region 1 (Figure 1). They read:

RT ov R )
V=—7y — =—= -7
p 7 [aT] - (77r Yar
P
s=R(y; -7) av) RT , ™
E L
Pir p
2
Cp ==Rt%Y .,

where y =g/RT, n=plp*, r=T"/T with the specific gas constant R and the reducing
constants p*: T*. The constants, the equation (7, 7) and its derivatives

6}/) [87j &y %y ( &y .
=L |y ==, =| == , =|—| and = are given in
Va (67r . e =\or . Vo an’ . Tee = o2 z Ve \ o7 or z

detail in the Release of the IF97 [1] or in the comprehensive paper [2].

IF97 Regions 2 and 5

The equations for the five quantities can be determined from the dimensionless Gibbs free
enthalpy equation f7,7) = y(z 1) + y" (7 7) of IF97 regions 2 or 5 (Figure 1) as follows:

"=£pT’(1+”7frr) [aa—;]‘p=§(l+n}/§—m}’;r)
®)
0 I - I EZA

2
ep=—R(r %),
where y= g/RT, == p/p", = T*/T with the specific gas constant R and the reducing constants

p*, T*. The constants, the equations yO(77)and y"(77) and their derivatives »¢,y%,

y;,y;, ¥ros ¥ and }/,’n are given in [1,2].
IF97 Region 3

The equations for IF97 region 3 (Figure 1) can be determined from the dimensionless
Helmholtz free energy equation ¢(7,6) as follows:
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oT ), pT2¢s +60s5)
s = Rz, —9) [.‘?ﬂ] _ 1 %
)y p*RT( 2645 + 52455 )

Iteration of p using p = pRTH¢s [ av] (¢5 ~7gg, )
p

2505 + 52 dss

where ¢=f/RT, v=T*/T, §= p/p* with the specific gas constant R and the reducing constants
T*, p*. The constants, the equation ¢(z,8) and its derivatives

3¢ o9 oy P4 3'¢ :
¢ = (6115’% = (5j s b = [;2—}8 s Bss = [Ejr, and g5, = [W are given

T

2
¢, =R [_Tz¢” +(5¢5 -5t ) J

in [1,2]. First, the density p is iterated from the given values of p and T using the
IF97 equation p(T,p). Then the other quantities can be calculated from 7 and p or 7and &
respectively.

Example

For example, the Joule-Thomson coefficient (%%)h is to be calculated as function of p and T

for the superheated steam region 2 (Figure 1). The comparison to the common differential

quotient (-g'-) leads to z=T7, x=p and y = h. Considering these relations, Eq. (6) reads
y

%, &5, 3

[Z_’gh:@i],-[%k-(%]p-[iﬁ], |

According to Table 1 the derivatives are:

SRR
(Z_gp =1 (%JT =V‘T[%]p )

op/ ¢ orT p

The insertion into Eq. (I) leads to

formally:

ov
(2] -
oT
[gj =P (111)
ap/, p




Finally v, (;i,r)p and ¢, can be calculated using the IF97 equations y°(xz, 1), y"(77) and their

derivatives using Eq. (8).

DIFFERENTIAL QUOTIENTS (—2&] (T,v) OF THE IAPWS-IF97
X

¥y

The differential quotient (%) can be derived as a function of T and v in the analogous way
y

as showed in the previous section. The result is the common equation

[ax) [ox) (ox) [ax) |- 10y
6vT 6TJV 6Tv\av7_

Again the variables x, y, z can represent any of the thermodynamic properties: p, 7, v, u, h, s,
g, or f. Table 2 contains the derivatives of the these eight properties from 7" and v.

Table 2: Derivatives of x, y, z from Tand v, where x, y, z can stand forp. 7, v, u, A, 5, g, or

xyz (1}
or
v

\

ap
P or ),

T ] 0
v 0 i
op
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op dp
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v T
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_p] and
\oT/
op

[—] are required. These quantities are the first and second derivatives of the Helmholtz
r
free energy f from 7 and v:

p=-(?i] 5=-(1j (a_p) _ 21| - 2L (a—”j N ) I
vl or),” \ev/y &)’ Y ar2)  \ar/, aTov |

i v

As can be seen besides the given parameters 7 and v the five quantities p, s, ¢,

means, when having p, s, c‘,,(a—pj and (a—pj any differential quotient (zj can be
v/, ar/, ox/

calculated using Eq. (10) and Table 2.

IF97 Region 3
. . op op . . .
The expressions for calculating p, s, ¢y, > and | —| using the dimensionless Helmholtz
A v
free energy equation ¢ 7,5) of IF97 region 3 (Figure 1) read:

p=pRTS4 9
5 {5‘%1} = pRS(¢s — 05, )
. ) (aImn
s (T¢T ¢) [6_,0] =—p2RT(25¢5 +52¢65)
ov T

2
¢y =-Rt*¢,,,

where ¢, 7, J are as given in Eq. (9). The constants, equation & 7,6) and its derivatives ¢., g3,
@eer P56» P5r are described in [1,2].

DIFFERENTIAL QUOTIENTS OF THE SCIENTIFIC STANDARD IAPWS-95

For extremely high accuracy demands, especially near the critical point, the differential
quotients can be calculated using the Scientific Formulation TAPWS-95 [5,6]. In the
following, the formulas for setting up any differential quotients are summarized.

Differential Quotients (S—ZJ (p,T) of the IAPWS-95
X
y

Any differential quotient (%) can be calculated as a function of p and T using Eq. (6) and
y

Table 1. In each, the variables x, y, z can stand for any of the thermodynamic properties: p, 7,
v, u, h,s, g, orf




ap or
dimensionless Helmholtz free energy equation ¢(z,8) = ¢°(r,9)+¢7(1,8) of the IAPWS-95 as
follows:
Iteration of p using p=pRT(]+5¢(§) [ﬂ] _ -p(1+5¢g-15¢,’5 )
37), 1{-20%645 - 0267435 - 07 )

The quantities v, s, ¢, (ﬂ) and (Q) required in Table 1 can be calculated from the
T p

=R[‘[(¢o+¢r)_¢o_¢r] [ﬁ] - 1
s  + 4 3p )y RT(-2p%595 - p*6°455 - 0* )

1+5¢g_5‘[¢51)2 , (12)
1+ 2585 + 62855

cp=R —r2(¢fr+¢£f )+(

where ¢, Tand § are as given in Eq. (9). The constants, the equations ¢°(z,0) and ¢"(7,6) and

their derivatives ¢To,¢ft, @, &, > b5, b are given in detail in the Release of the
IAPWS-95 [5] or in the comprehensive paper [6].
First, the density p has to be iterated from the given values of p and T using the IAPWS-95

equation p(T,p). Then the other quantities can be calculated from 7 and p or 7 and &
respectively.

Differential Quotients (%j (T,v) of the IAPWS-95
X /
y

Any differential quotient (%) can be calculated as function of 7 and v using Eq. (10) and
y

- d b3/ .
Table 2. The quantities p, s, ¢,, (a—’;J , and (gpj needed in Table 2 can be calculated from

-
the dimensionless Helmholtz free energy equation &(7,6) = ¢°(7,0)+¢"(1,6) of the IAPWS-95
as follows:

p:pRr(1+5¢g) [Z_ﬂv = pR [1+5¢5-r5¢3r]
s= R (g + 0 J-9° -4] (22 - ar(-p2-20%005 - 25703 Y
ov )y

Cy = ~Rz? (¢ror +¢rrr ) >
where ¢, Tand & are as given in Eq. (9). The constants, the equations ¢°(zd) and ¢"(5,0) and

their derivatives ¢TO, ¢r°T s ¢Tr, ¢Dr , ¢; , ¢5r§, ¢5rr are given in [5,6].
SUMMARY

The paper has presented a common procedure for calculating any thermodynamic differential
quotients of the properties p, T, v, u, A, s, g, or f using the fundamental equations of the new
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Industrial Formulation IAPWS-IF97. The formulas can be formally applied by the user
without knowledge of the thermodynamic differential equations.

In addition, the corresponding algorithm for calculating any differential quotients using the
new Scientific Formulation IAPWS-95 is shown. The formulas will prove useful as
supplements to the Releases of the IAPWS-1F97 and IAPWS-95 Formulations.

In order to make it possible to calculate any differential quotient it is highly recommended

op or

values for the properties v, A, s, c,. Steam property program packages should also offer
functions for these differential quotients.

Users who are interested in the programs for calculating the derivatives of the [F97 equations
can receive the source code upon request.

Furthermore, the authors offer software packages for calculating the properties of water and
steam using the new industrial standard {APWS-IF97 including all differential quotients. The
programs can be used as Dynamic Link Library in Mathcad® or other Windows applications.
An Add-In allows the user to use property functions in the DLL from within Microsoft
Excel® and to represent the calculated values in thermodynamic charts.

that steam tables contain values for the differential quotients (i) and (i) as well as
T p
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